ResearchGate

See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/333709669
A new semigroup obtained via known ones

Article in Asian-European Journal of Mathematics - June 2019

DOI: 10.1142/S1793557120400082

CITATIONS READS
4 104
3 authors:
Nurten Urlu Ozalan Ahmet Sinan Cevik
KTO Karatay University ¢ Selcuk University
7 PUBLICATIONS 12 CITATIONS 114 PUBLICATIONS 1,062 CITATIONS
SEE PROFILE SEE PROFILE

& Eylem Guzel Karpuz

Iy .

e Karamanoglu Mehmetbey Universitesi
52 PUBLICATIONS 169 CITATIONS

SEE PROFILE

Some of the authors of this publication are also working on these related projects:

roject  Minimality and efficiency View project

et Classification of knots by semigroups and Pretzel links View project

All content following this page was uploaded by Ahmet Sinan Cevik on 10 July 2020.

The user has requested enhancement of the downloaded file.


https://www.researchgate.net/publication/333709669_A_new_semigroup_obtained_via_known_ones?enrichId=rgreq-a5c9334bb7c497c7c6472cd957fa8afd-XXX&enrichSource=Y292ZXJQYWdlOzMzMzcwOTY2OTtBUzo5MTE2NjkwNTYyNDE2NjRAMTU5NDM3MDI0OTAzNQ%3D%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/333709669_A_new_semigroup_obtained_via_known_ones?enrichId=rgreq-a5c9334bb7c497c7c6472cd957fa8afd-XXX&enrichSource=Y292ZXJQYWdlOzMzMzcwOTY2OTtBUzo5MTE2NjkwNTYyNDE2NjRAMTU5NDM3MDI0OTAzNQ%3D%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/project/minimality-and-efficiency?enrichId=rgreq-a5c9334bb7c497c7c6472cd957fa8afd-XXX&enrichSource=Y292ZXJQYWdlOzMzMzcwOTY2OTtBUzo5MTE2NjkwNTYyNDE2NjRAMTU5NDM3MDI0OTAzNQ%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/project/Classification-of-knots-by-semigroups-and-Pretzel-links?enrichId=rgreq-a5c9334bb7c497c7c6472cd957fa8afd-XXX&enrichSource=Y292ZXJQYWdlOzMzMzcwOTY2OTtBUzo5MTE2NjkwNTYyNDE2NjRAMTU5NDM3MDI0OTAzNQ%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-a5c9334bb7c497c7c6472cd957fa8afd-XXX&enrichSource=Y292ZXJQYWdlOzMzMzcwOTY2OTtBUzo5MTE2NjkwNTYyNDE2NjRAMTU5NDM3MDI0OTAzNQ%3D%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Nurten-Ozalan?enrichId=rgreq-a5c9334bb7c497c7c6472cd957fa8afd-XXX&enrichSource=Y292ZXJQYWdlOzMzMzcwOTY2OTtBUzo5MTE2NjkwNTYyNDE2NjRAMTU5NDM3MDI0OTAzNQ%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Nurten-Ozalan?enrichId=rgreq-a5c9334bb7c497c7c6472cd957fa8afd-XXX&enrichSource=Y292ZXJQYWdlOzMzMzcwOTY2OTtBUzo5MTE2NjkwNTYyNDE2NjRAMTU5NDM3MDI0OTAzNQ%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/KTO_Karatay_University?enrichId=rgreq-a5c9334bb7c497c7c6472cd957fa8afd-XXX&enrichSource=Y292ZXJQYWdlOzMzMzcwOTY2OTtBUzo5MTE2NjkwNTYyNDE2NjRAMTU5NDM3MDI0OTAzNQ%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Nurten-Ozalan?enrichId=rgreq-a5c9334bb7c497c7c6472cd957fa8afd-XXX&enrichSource=Y292ZXJQYWdlOzMzMzcwOTY2OTtBUzo5MTE2NjkwNTYyNDE2NjRAMTU5NDM3MDI0OTAzNQ%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Ahmet-Cevik-2?enrichId=rgreq-a5c9334bb7c497c7c6472cd957fa8afd-XXX&enrichSource=Y292ZXJQYWdlOzMzMzcwOTY2OTtBUzo5MTE2NjkwNTYyNDE2NjRAMTU5NDM3MDI0OTAzNQ%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Ahmet-Cevik-2?enrichId=rgreq-a5c9334bb7c497c7c6472cd957fa8afd-XXX&enrichSource=Y292ZXJQYWdlOzMzMzcwOTY2OTtBUzo5MTE2NjkwNTYyNDE2NjRAMTU5NDM3MDI0OTAzNQ%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Selcuk-University?enrichId=rgreq-a5c9334bb7c497c7c6472cd957fa8afd-XXX&enrichSource=Y292ZXJQYWdlOzMzMzcwOTY2OTtBUzo5MTE2NjkwNTYyNDE2NjRAMTU5NDM3MDI0OTAzNQ%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Ahmet-Cevik-2?enrichId=rgreq-a5c9334bb7c497c7c6472cd957fa8afd-XXX&enrichSource=Y292ZXJQYWdlOzMzMzcwOTY2OTtBUzo5MTE2NjkwNTYyNDE2NjRAMTU5NDM3MDI0OTAzNQ%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Eylem-Guzel-Karpuz?enrichId=rgreq-a5c9334bb7c497c7c6472cd957fa8afd-XXX&enrichSource=Y292ZXJQYWdlOzMzMzcwOTY2OTtBUzo5MTE2NjkwNTYyNDE2NjRAMTU5NDM3MDI0OTAzNQ%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Eylem-Guzel-Karpuz?enrichId=rgreq-a5c9334bb7c497c7c6472cd957fa8afd-XXX&enrichSource=Y292ZXJQYWdlOzMzMzcwOTY2OTtBUzo5MTE2NjkwNTYyNDE2NjRAMTU5NDM3MDI0OTAzNQ%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Karamanoglu-Mehmetbey-Ueniversitesi?enrichId=rgreq-a5c9334bb7c497c7c6472cd957fa8afd-XXX&enrichSource=Y292ZXJQYWdlOzMzMzcwOTY2OTtBUzo5MTE2NjkwNTYyNDE2NjRAMTU5NDM3MDI0OTAzNQ%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Eylem-Guzel-Karpuz?enrichId=rgreq-a5c9334bb7c497c7c6472cd957fa8afd-XXX&enrichSource=Y292ZXJQYWdlOzMzMzcwOTY2OTtBUzo5MTE2NjkwNTYyNDE2NjRAMTU5NDM3MDI0OTAzNQ%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Ahmet-Cevik-2?enrichId=rgreq-a5c9334bb7c497c7c6472cd957fa8afd-XXX&enrichSource=Y292ZXJQYWdlOzMzMzcwOTY2OTtBUzo5MTE2NjkwNTYyNDE2NjRAMTU5NDM3MDI0OTAzNQ%3D%3D&el=1_x_10&_esc=publicationCoverPdf

1st Reading

July 1, 2019 21:10 WSPC/246-AEJM 2040008

B W N =

© o ~N O

10

11
12
13

14

15
16
17

18
19
20

21
22
23

24
25

26

27

28
29
30
31
32
33
34
35

World Scientific

Vol. 13, No. 1 (2020) 2040008 (I3 pages) aww worldssientilio.com

(© World Scientific Publishing Company
DOI:10.1142/S1793557120400082

Asian-European Journal of Mathematics \\
N

A new semigroup obtained via known ones

Nurten Urlu Ozalan

Engineering Faculty, Department of Computer Engineering
KTO Karatay University, Konya, Turkey
n.urlu91@gmail.com

A. Sinan Cevik

Science Faculty, Department of Mathematics
Selguk University, Konya, Turkey
sinan. cevik@selcuk. edu.tr

Eylem Giizel Karpuz

Kamil Ozdag Science Faculty, Department of Mathematics
Karamanoglu Mehmetbey University, Karaman, Turkey
eylem.guzel@kmu. edu.tr

Received May 30, 2019
Accepted June 7, 2019
Published

The goal of this paper is to establish a new class of semigroups based on both Rees matrix
and completely 0-simple semigroups. We further present some fundamental properties
and finiteness conditions for this new semigroup structure.

Keywords: Rees matrix semigroup; completely O-simple semigroup; idempotent; Green
relations.
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1. Introduction and Preliminaries

Considering a new and more general construction brings several benefits such as uni-
fication of already known results in a new structure. For example, in [12], Lipkovski
recently presented a new algebraic structure by taking into account an arbitrary
commutative ring A with the identity and the mapping ® : A2 — A? defined by
the Vieta formulas (z,y) — (u,v) = (z + y,xy), and also he studied the directed
graph defined by the Vieta mapping ®. In the light of a similar approximation for
semigroup theory except for the graph case, we will obtain a new semigroup struc-
ture which provides a common generalization of the Rees matrix semigroup and
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completely 0-simple semigroup. Then we will study some fundamental semigroup
properties over it. In the literature, there are so many important constructions,
for instance, direct, semidirect, free, Mal’cev and Zappa-Szep products which have
already used on semigroups that provide tools to decompose on related algebraic
structure (see, for example, [4H6] 8 9]).

It is well known that Rees matrix semigroups were firstly introduced by Rees
in [I6]. Those construct a special class of semigroups in the meaning of their usage
to classify certain classes of (simple) semigroups. Also, these special semigroups
became one of the most important semigroup construction with numerous applica-
tions, especially in the study of completely O-simple semigroups (see, for example
[10]). The investigation of the Rees matrix semigroup that have largest weights in
new constructions based on semigroups has been motivated by many studies, where
classification relying on semigroups plays valuable roles. Basically, the class of these
semigroups is an important technique for building new semigroups structures out
of old ones.

Although the Rees matrix semigroup was defined over groups, it has taken so
much interests in semigroups (cf. [2} B 1], 15]). For a semigroup S, let I and J be
two index sets, and let P = (pj;) e, icr be a J x I matrix with entries from S. The
set I x SxJ={(i,s,7);i€l,seS,je J} with a multiplication

(7;787j)(k7t7l) = (i7spjktvl) (1)

is defined as the Rees matrix semigroup denoted by Mr = M[S; I, J; P]. We should
note that one can replace S by a semigroup with zero S° = S U {0}, or replace it
by a group with zero G° = G'U {0} which is actually a semigroup (cf. [10]).

On the other hand, a semigroup is completely 0-simple if and only if it is iso-
morphic to a regular Rees matrix semigroup over a group with zero which means
that the matrix P (in Mpg) has a non-zero entry in each row and column. Briefly,
for a semigroup G° (not necessarily same with S), a regular Rees matrix semigroup
Mp, constructed on GO defines a semigroup M = M°[GY I, J; P'] with the same
operation as (Il) such that I and J are two index sets, and P' = (p;);jes ier is a
J x I matrix with entries G°. Note that if the Rees matrix semigroup over a group
is not regular, then we obtain a completely simple semigroup. We may refer [[7] [10]
to the reader about completely (0-)simple semigroups and some results on them.

In this paper, by considering notion of both Rees matrix semigroups and com-
pletely 0-simple semigroups, and then combining both of them, we will construct
a new semigroup structure and classify it in the literature and study some proper-
ties on it. In this construction, we actually inspired by Howie’s said which was the
importance of Rees recipe lies in its universality: every completely 0-simle semigroup
1s isomorphic to some Rees matriz semigroups.

The notations and expressions used in each section are described in themselves.
But two definitions to be used in the paper, especially second part, are as follows.

Definition 1.1 ([2ZI]). A semigroup S is a cryptic if H is a congruence.
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Definition 1.2 ([10]). Let S be a semigroup. A relation R on the set S is called
left compatible if

(Vs,t,v e S)(s,t) € R= (vs,vt) € R
and right compatible if
(Vs,t,v € S)(s,t) € R= (sv,tv) € R.

Both left compatible and right compatible is called compatible. A compatible equiv-
alence relation is called a congruence.

2. A New Semigroup N and Some Fundamental Results on it

As we mentioned in the previous section, we will construct a new semigroup based
on Rees matrix and completely O-simple semigroups. In the light of this thought,
it will be of course so important to use the operation in (@) during to define a new
operation for our new semigroup. In here, after obtaining the new construction of
semigroups, we will further present some fundamental results on it to strengthen
the theory.

Suppose that the Rees matrix semigroup M°[S%; I, J; P] which was defined on
the set I x S° x J and completely 0-simple semigroup M°[G?; I, J; P’ which was
defined on the set I x G° x J are denoted by the notations Mg and Mg, respectively.
For arbitrary elements (a,b,c), (k,I,m) € Mg and (d,e, f),(x,y,2) € Mg, let us
consider the mapping v : (Mg x M¢)*x (Mp X M¢c) — (Mg x M¢) having binary
operation x as

[(a,b,¢), (d, e, /)] % [(k,1,m), (z,y,2)]

((a,bperl,m),0) if per # 0 and p’fm =0,

_ (0, (d, epy,y. 2)) if pex = 0 and p’;, # 0, @
((a;bperl, m), (d, eply,y, 2))  if per # 0 and py, # 0,
(ORr,0¢) if pe, = 0 and p'y, = 0.

Remark 2.1. A careful observation on () shows that the first line corresponds
to the Rees matrix semigroup, the second line corresponds to the completely 0-
simple semigroup. On the other hand the third line defines the general situation.
The reason of this is although the operation in () a generalization for both these
semigroups, it contains those inside of it as well.

Therefore, by taking into account the operation defined in (2) on the set Mg x
M, we have the following first theorem.

Theorem 2.2. The set Mg x M¢ defines a semigroup M°[S°, G°; M, M¢; P, P']
with the operation given in (&). Let us denote this new semigroup by N .

2040008-3
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Proof. It suffices to prove closure (well-defined) and associative properties over (B).

For any two elements s; = (a, bperl,m) and so = (a’,0'perprl’,m’) in Mg, and
also any two elements s3 = (d, epy,y, 2), sa = (d', €'py,,y', 2") in Mc, let us consider
the element

t; = [(81782), (83784)] EN.

Moreover, let us take any other similar element to = [(s], s5), (s4, s4)] € N. Then
the image of (f1,t2) € N x A under the mapping v must be one of the cases as
defined in (@) since s1, so, s7, s5 could be zero element in My and s3, s4, S5, S
could be zero element in M¢. This implies the closure property. On the other hand,
by taking any elements 1,12, t3 € A and considering the operation in (@), it is not
hard to see that the associative property (t1 x ta) * t3 = t1 * (t2 x t3) is satisfied.
Hence the result. |

Recall that an idempotent element of a semigroup S is defined as s> = s for
any s € S, and if for every s € S is idempotent then S is called the idempotent
semigroup or band. Since the idempotent element and bands play important role in
semigroup theory, our first fundamental result will be about whether N is an band
or not.

The following lemma gives an explicit description of the idempotent element

of V.

Lemma 2.3. The element [(a,b,c), (d,e, f)] € N is an idempotent if and only if

S U {0} is a rectangular band and p'yy = e~

Proof. By (@), the semigroup N consists of (in fact constructed by) Mg and M¢,
and also a typical element of N can be taken as ¢t = [(a, b, ¢), (d, e, f)]. Depends on
choosing the elements, ¢ has the following four possibilities.

(i) [(a,0,0),(d,e, f)], (i) [(a,b,¢),(d,0, f)],
(iii) [(a,b,c),(d e, f)], (iv) [(a,0,¢),(d,0, f)].
For the case (i),
[(a’7 0, b)7 (d7 €, f)] * [(a’7 0, b)7 (d7 €, f)] = [(av 0, b)v (dv 6, f)}
= [(av 0, b)v (dv E€Pfde, f)} = [(a’7 0, b)7 (d7 €, f)] = (dv €Pfde, f) = (d7 €, f)

which implies that ep}de = e. Since case (i) falls into line 2 in the operation (@), e
is an element of group. So [(a,0,), (d, e, f)] is an idempotent element if p/;, = ™'
If a similar approximation apply to the case (ii), we have

[(a,b,¢),(d,0, f)] x [(a,b,¢), (d, 0, f)] = [(a,b, ), (d,0, f)]
= [(a, bpead, ¢), (d,0, f)] = [(a, b, ¢), (d,0, f)] = (a,bpead, ¢) = (a,b,c)

which implies that bp.,b = b. For each element of S it should be provided bp.,b = b
if S (in here not SY) is rectangular band then this equality holds. By a combination

2040008-4
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processing as in above cases, it is easy to see that cases (iii) and (iv) can be obtained
in a similar manner.

Conversely, suppose that S U {0} is rectangular band and p}, = e~ 1. So the
result follows by a direct calculation.

Hence the result. |

Lemma 2.4. N is reqular semigroup if and only if SO is reqular semigroup.

Proof. Let us consider that N is regular semigroup, i.e. for every x € N there
exists y such that zyz. N is of four different element forms by () and so we use
the [(a, b, ), (d, e, f)] element form that contains all of them.

[(a,b,¢),(d, e, )] % [(k, I, m), (n, 7, 5)] x [(a,],¢), (d, e, f)] = [(a,b,¢), (d, e, f)]
(@, bpekl, m), (d, eplp,r, )] % [(a, b, ), (d, e, f)]

= [(a, bperlpmab, ¢), (d, epy,rpsqe, f)]
[(a, bperlpmab, €), (d, eplrpiqe, f)] = [(a,b,c), (d, e, f)].

We know that perlpm, and p}nrp’sd are any element of S° and G°, respectively.
It means that we have two cases. The first of these bp.rlpmeb = b other than
epy,rpiqe = e. Second condition is provided because we work on elements of G°
and groups satisfy regular property. S° must be regular to hold the first case.

On the other hand suppose that S is regular semigroup, N is clearly regular
semigroup. O

We now discuss on Green’s relations ([9]) which is very useful tool in the study
of semigroups (and monoids). In particular, Green’s relations can be used to classify
given any semigroup (see, for instance, [1, [7, [10, [19]). By keeping this thought in
our minds, at this part of the paper, we shall give our attention to the Green’s
relations on A/ which is the quite effective method to make a classification for a
new semigroup. Now let us give a brief description of the Green’s relations.

Let S be an arbitrary given semigroup. For any two elements, a,b € S, the
relations £, R, H on S are defined as follows.

e alb if and only if Sta = S'b.
e aRb if and only if aS* = bS?t.
e aHb if and only if aRb and aLb.

Each of Green’s relations is an equivalence relation on the elements of S.

Proposition 2.5. Let [(a,b, ), (d, e, f)] and [(k,l,m), (n,r,s)] be any two elements
of the semigroup N'. Then the following hold.

(1) [(a’ b,C), (d’ €, f)][’[(k’ l’m)’ (’/l,’l“, 5)] sSc=m,f=sbLlandeLlr.
(i) [(a,b,c),(d,e, HIR[(k,I,m),(n,r,s)] < a=k,d=n,bRIl and e Rr.

2040008-5
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(iii) [(a,b,c),(d,e, OIH[(k,l,m), (n,r,8)] < a=k,d=n,c=m, f=s bHI and
eHr.

Proof. For the case (i), let [(a,b,¢), (d,e, f)], [(k,1,m), (n,r,s)] € N. By the def-
inition of £-Green’s relations, if we have an element [(k,v, 2), (n,v’, 2")] € N such
that

[(k,y,2), .y, 2)] x [(a, b, ), (dy e, f)] = [(k,1,m), (n, 7, 5)]
= [(k, ypzab, ©), (n,y'Plrge, )] = [(k,1,m), (n, 7, )]
= (k,ypzab, ) = (k,l,m) and  (n,y'pge, f) = (n,7,9)
= ypab=1, c=m, yplye=r and f[=s, (3)
and also if we have an element [(a,i,7), (d,4’, )] € N such that
[(a,4,5), (d, ', 5)] % [(k, 1, m), (n, 7, 8)] = [(a, ], ¢), (d, e, f)]
= [(a,ipjrl, m), (d,i'pjr,1, 8)] = [(a, b, ), (d, e, f)]
= (a,ipjrl,m) = (a,b,c) and (d,i'p},r,s) = (d,e, f)
= ippl=b, m=c, Iphr=ec and s=f, (4)

then, by (B) and (@), we obtain b L1 and e Lr, as required.

Conversely, for any element [(a,b,c), (d, e, f)],[(k,I,m), (n,7,s)] € N, let us
suppose that ¢ = m,f = s,0L1] and eLr are satisfied. Then we certainly get
[(a,b, ), (d, e, LIk, L m), (1,7, ).

For the case (ii), we take two element [(a,b,c), (d,e, )], [(k,1,m), (n,r,s)] € N.
By the definition of R-Green’s relations, if we have an element [(z,y,m), (¢, u, s)] €
N such that

[(a,b,¢),(d, e, /)] % [(z,y,m), (t,u,5)] = [(k,[,m), (n,7,5)]
= [(a, bpeay, m), (d, ep'yyu, s)] = [(k,1,m), (n,7,s)]
= (a,bpery, m) = (k,1,m) and (d,eplu,s) = (n,r,s)
= bpeay =1, a=k, eppu=r and d=n, (5)
and also if we have an element [(z/, v/, ¢), (¢',u/, f)] € N such that
(O, 1y ()] [ €0, (2, )] = [y ), (s, £)]
o (ks et ), (0t ] = [(a,,0), (doe, £
= (k,lpmay’,c) = (a,b,c) and (n,rpl,u’, f) = (d,e, f)
= pmay' =b, k=a, rplyu'=e and n=d, (6)
then, by (B) and (@), we obtain bR and e Rr, as required.
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Conversely, for any element [(a,b,c¢),(d,e, f)],[(k,I,m), (n,r,s)] € N, let us
suppose that a = k,d = n, bRIl and e Rr are satisfied. Then we certainly get
[(a,b,¢), (d, e, F)RI(ks L,m), (n,7.5)].

The proof of (iii) is omitted since it is quite similar by considering the definition
of H-Green’s relations. |

In this part, by using results on the idempotent element and Green relations,
we will express the inverse property over the semigroup A to make another classi-
fication on it. Before giving the result, let us first consider the following lemma.

Lemma 2.6 ([14, Corollory 4.3]). S is a completely inverse semigroup if and
only if S is reqular and H(S) = Z(E(S)).

Theorem 2.7. N is completely inverse semigroup if and only if S® is reqular
commutative semigroup and the G° is commute.

Proof. For the sufficiency part, let us assume that S° is regular commutative
semigroup and the GO is commute. If we prove that A is regular and H(N) =
Z(E(N)) then N is completely inverse semigroup. By Lemma 24 since S° is
regular semigroup then N is regular semigroup. Now if there exists an element
Ae Z(EWN)) when A € H(N) then H(N) C Z(E(N)). Let us consider A is of the
form [(z, bp.sl, 2), (i, ep),;r, k)]. For idempotent element [(z,y, 2), (¢, ], k)], we have

[(JZ, bpzrla Z)’ (7’? ep;cin k)} * [(J), Y, Z)a (Za j: k)} = [(JZ, bpzrlpzzy: Z)7 (Z7 ep;cirp;cija k)]

Since [(z, 9, 2), (4, j, k)] is idempotent element, by Lemmal[2.3] we get p,, = j~'. We

also have ep}.rp}.j = ej~'r. For the same idempotent element, we have

[(.’IJ, Y, Z)v (i7j7 k)] * [(.’IJ, bple7 Z)7 (7’7 ep;gira k)} = [(.’IJ, ypszple» Z)v (iajp;ciep;ci/n k)]

Similarly, we get jp,,epi,r = ej 'r. Since S° is commute, the equivalence

bp2olp2aly = YP22bp.al is satisfied. So we obtain [(z, bp.olp.2y, 2), (4, €D}, 7Pk; J, k)] =
(%, Yyp2abp2al, 2), (4, jp)€Pk7 k)], which clearly implies H(N) C Z(E(N)).

Now we consider a dual argument, i.e. if there exist an element B &
H(N) when B € Z(EN)) then Z(E(N)) C H(N). Let us take B =
[(z,8,2),(i,u, k)] € Z(E(N)). Since B = [(z,a, 2), (4,0, k)] * [(z, ¢, 2), (i,d, k)] and
[(z,a,2),(i,b, k)], [(z,c,2), (i,d, k)] € H(N) we obtain B € H(N), which clearly
implies Z(E(N)) C H(N). So N is completely inverse semigroup because it has
been prove that H(N) = Z(E(N)).

For the necessity part, let us assume that A is completely inverse semigroup.
Thus, according to Lemma 2.6} A is regular and H(N) = Z(E(N)). Firstly, since
N needs to be regular, by Lemma 4] S is regular semigroup. As well as being
H(N) = Z(E(N)) it is seen that S° and G° are commute by direct calculations, as
required.

Hence the result. O
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Lemma 2.8 ([21, Lemma 1.4]). The following conditions on a completely reqular
semigroup are equivalent.

(1) S is cryptic.

(2) S is a band of groups.

(3) S satisfies the identity (ab)® = (a"b°)°.

(4) For anya € S, e € E(S), e < a® implies that ea = ae.

Lemma 2.9 ([10]). A simple semigroup (without zero) is completely simple if and
only if it is completely reqular.

Now our result is as follows.

Theorem 2.10. If N is a completely regular semigroup then N is a band of groups.

Proof. Firstly, we consider S = 0 and G has not zero element because the semi-
group N is completely regular. This means that we work on elements of type
[(a,0,0),(c,d,e)] by Lemma 29 Then it is must be shown that N is cryptic by
Lemma 2.8]

In completely regular semigroup, let s = [(a,0,b),(c,d,e)] and ¢t =
(a’,0,), (c, f,e)] be any two elements of the semigroup H-Green’s relations. For
v =|(z,vy,2), (k,1,m)] € N since

vs = [(z,0,b), (k,Ip,.d,e)H[(x,0,V), (k,Ip,.f,e)] = vt
and
sv = [(a,0,2), (c,dpLil,m)|H|[(d’, 0, 2), (¢, fplpl,m)] = tv

such that (s,t) € H, H is a congruence by Definition and so N is cryptic. By
Lemma 28] A is a band of groups. O

3. Some Finiteness Conditions for N

The study of finiteness conditions for semigroups consists in giving some conditions
which are satisfied by finite semigroups and which are such as to assure the finiteness
of them. For some studies in certain classes of semigroups and their constructions
in terms of finiteness conditions, we may refer, for example, [2] [13] [17].

In this section, we will investigate of being finitely generated and of being peri-
odicity for N'. Throughout this section G and M will represent the 0-minimal ideal
of S° and the set of all 0-minimal ideals of S°, respectively.

3.1. N is finitely generated

In general, after obtaining some theoretical properties such as regularity, idempo-
tent elements, Green’s relations, etc., one may also try to find some other character-
izations over the semigroup. One of the most economical way is to obtain the finite
generating and relation sets. In this section, we therefore will establish the finitely
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generated (f.g.) property over this new semigroup N. We may refer, for instance,
the papers to the readers for some related studies.

We note that although one of the next step of f.g. property is to obtain a finite
presentation ([I0]) for the semigroup that study on it, we will not come through
the presentation of A in this paper and will leave it for future studies.

The following two lemmas will be needed for the result on f.g. property over N.

Lemma 3.1. If N is finitely generated, then I, J, SO\G® and M are finite sets.

Proof. Suppose that N is a finitely generated semigroup. We should examine the
proof according to the operation in Eq. ([@).

(i) If GY is the zero element itself of O-minimal ideal, then we clearly have the
semigroup N constructed on the set A = [(I x S°\G° x J),0] which coincides the
result [3] Proposition 2.1]. In detail, the product of any two elements in the set A
cannot give an element of A/, and so every element of the set A are indecomposable.
According to [3], this gives that S°\GY is a finite set.

(ii) If S°\GY contains the zero element while M does not, then A is constructed
on B =0, (I x M x J)] which gives that A/ actually becomes a completely 0-simple
semigroup, and so we can follow a similar technique as in the paper [3] to adapt
this case. Therefore, if N has no zero element, then the minimal ideal G° of A is
uniquely determined, but otherwise if V" has a zero element. On the other hand, we
can extend this idea to the set M which is clearly an ideal of N'. Let M = Ule M;,
where each of My = G°, My, ..., My, is a O-minimal ideal of A/. Due to [20], each M;
(1 <i<k)and so M is either a null semigroup or a 0-simple subsemigroup. To be
a null semigroup of M gives the last condition of Eq. (). Also, if M is a 0-simple
subsemigroup, then the ideal M is uniquely determined up to again [20]. Hence
every element in the set I X M x J (or equivalently, in B) are indecomposable, and
so these indecomposable elements belong to the every generating set of N'. As in
(i), this implies that M is finite.

(iii) If both S\GY and M do not contain the zero element, then A is constructed
on [A, B] which coincides basically when N is constructed by both Rees factor
and completely O-simple semigroups as required in the general form. Therefore, by
considering the cases (i) and (ii) at the same time, we reached the aimed.

As a result of these above progresses, if NV is finitely generated, then each of I,
J, 8°/G% and M is finite. O

The next lemma describes a generating set for S and G°, seperately.

Lemma 3.2. If X is generating set for N, then the set Y = AU{pj;;j € J,i € I}
generates S° and the set Y' = A’ U {p;,i,;j' € J,i’ € I} generates GO, respectively,
where

A={se S;((i,s,§),0) € X} and A ={g€eG;(0,(i,9,7)) € X}.
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Proof. By taking arbitrary elements s € S; i,k € I and j,I € J, we need to check
decomposing for Y under the operation defined in ().

((4,5,9), (k,0,1)) = ((i1, 51, 51), (k1,0,11)) % ((i2, 52, j2), (2,0, l2))
Kok (T, Sy Jm)s (B, 05 1m))
= (11, $1Pj1in 82, J2), (F1, 0,00)) % -+ (s Smy Jim )5 (K 051 ))
= ((i1, $1Dj1i252D52i5 3 - - - Djrn— 1 S Jm )s (K1, 0, 1)),
and so, for ((i1,s1,71), (k1,0,01)), -+, ((Zms Sms Jm), (km,0,0,)) € X, we conclude
that
8 = 81Pj1i352Pj2izS3 - - Pip_rimSm € (Y) .

Similarly, by considering arbitrary elements g € G; ¢/, k' € I and j',1' € J, we
have to check decomposing for Y’ under the operation given in () since X contains
a generating set for the completely zero simple semigroup as well.

((k/7 Ovl/)v (i/7g7j/)) = (( /1707 l/1)7 (ill,gl,ji)) * ((k/2707 1/2)7 (i/27g27jé))
Kok ((k;n707 17/71)7 (ifn’wgmvj:w))
= 1:Y502) ilvglpjii’2927j2 msYsbtm/) imagmvjm
((k1,0,15), (4 2)) * o x (K, 0,15,), (4 )
= (((K1,0,1;,), (41, 910j1 4, 92P54i1,93 - - - Dit it Gms o))
and then, for ((k1,0,1), (¢4, 91,71)), - - (K., 0,10.), (i'ys G, Jin)) € X, we obtain
9= 01D5i, 9203493 - - - Pyt _ir Gm € (Y),

as required. O

Lemma 3.3 ([I7, Theorem 1.1]). Let T be a subsemigroup of a semigroup S.
Then T is called large if the set S\T is finite. In addition, for a large subsemigroup
T of S, we say that S is finitely generated if and only if T is finitely generated.

Thus, the theorem on f.g. property for N can be indicated as follows.

Theorem 3.4. Suppose that I and J are two (index) sets. Let S° be a semigroup
with zero and P = (pj;)jesicr be a J x I matriz over S U {0}. Also let G° be a
group with zero and P' = (pl;)jeric1 be a J x I matriz over GU{0} such that every
row or column of P’ contains at least one non-zero entry. Then the semigroup N
is finitely generated if and only if GO is finitely generated and I, J, S°\G° and M
are all finite.

Proof. The necessity part: Assume N is finitely generated. By Lemma B I, J,
SONGY and M must be finite. Also, by Lemma B2 the semigroup S° and the
subsemigroup G of it (by assumption G is the O-minimal ideal of SY) are finitely
generated since both Y and Y’ are contained in X as generating set for .
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The sufficiency part: Assume that the sets I, J, S°\G® and M are finite, and
GV is finitely generated. By the assumption, since G is subsemigroup of S° and
SO\GY is finite, according to the Lemma B3, G is large subsemigroup. So S° is
finitely generated. Additionally, for the subset C' = S°\GY of NV, it is easy to obtain
that C' is a subsemigroup of A/ by applying the operation defined in (Z). Hence,
since M\ is finite while C' is a subsemigroup of N, then C is large by Lemma 331
Thus, again by Lemma B3] N is a finitely generated semigroup. O

3.2. Periodicity of N

In this part, being periodicity for NV will be investigated. The next lemma will be
needed for the main result of this section.

Lemma 3.5. If S and G are periodic, then N is periodic.

Proof. Suppose that S and G are periodic. Then, by Lemma 2.1], the Rees
matrix semigroup M|[S; I, J; P] is also periodic. Now, by following a similar proof
as in [2, Lemma 2.1], we will show that A is periodic.

For an arbitrary element [(a, b, ¢), (d, e, f)] € N, consider bp., € S and epsq € G.
So that there exist two different positive integers m and n such that

(bpea)™ = (bpea)™  and  (epra)™ = (epra)".
It follows that
[(a,b,¢), (d, e, /)™ = [(a,b,¢), (d,e, /)]™[(a,b,¢), (d, e, f)]™
= [(a, (bpea)™b, ), (d, (epsa)™e, f)]
= [(a, (bpea)"b, ¢), (d, (epsa)"e, f)]
= [(a,b,¢), (d, e, [)]"[(a,b,¢), (d e, [)]"[(a, b, ), (d, e, f)]"*

which implies N is periodic, as required. O
Theorem 3.6. N is periodic if and only if GV is periodic.

Proof. (=:) Let us assume that A is a periodic semigroup. We know that A
satisfies one of the four conditions in the operation defined in (2]).

Firstly, let N be the type of A = [(I x SO\G" x J),0] (or shortly, (Mg, 0))
which coincides with the case N is a Rees matrix semigroup. The periodicity of
Rees matrix semigroups is clear by [2] which implies that GV have to be periodic.

Secondly, let A be the type of B = [0, (I x M x J)] (or shortly, (0, M¢)) which
coincides with the case N is a completely O-simple semigroup. With a similar way
as in [2], let us consider an arbitrary element bp.,s of GY and then consider an
element [0, (a, sbpcqsb, ¢)] of N. There exist two different positive integers m and n

2040008-11



1st Reading

July 1, 2019 21:10 WSPC/246-AEJM 2040008

1

© 00 N O o1 b~ W

10
11
12
13

14

15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33

N. Urlu Ozalan, A. S. Cevik & E. G. Karpuz
such that
0, (a, sbpl.,sb, c)|™
= [0, (a, sbp..,sb, c)]"
= [0, (a, (sbpla)*™ " 50, )] = [0, (a, (sbpa)*" " sb, c)]
= (s0pa)*" s = (sbpl,)*" s or (sbpee)™™ = (sbwea) ™ -
Therefore

(bPeas)*™ T = (ba5)*™ (bPes) = bpa(sbpea) ™™ s
= bpla(sbpeg)™s = (bplas) ™™,
and thus it implies that G is periodic.

Let N be the type of [A, B] (or, equivalently, (Mg, M¢)) which coincides the
general case, in other words, NV is constructed on both Rees matrix semigroup and
completely 0O-simple semigroup. Therefore, the above two paragraphs will give the
solution of being G is periodic.

It is clear that the remaining case in which N is the type of (O, 0¢) is actually
trivial.

(«:) Suppose that G is periodic. As we obtained in the previous section, G is
a large supsemigroup of S°. Then, by [2, Theorem 5.1], S is periodic since G is
periodic. Therefore, by Lemma 38, AV is periodic since both SY and G° are periodic.

Hence the result. |
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