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ABSTRACT 

This work presents to obtain the torsional natural frequencies and mode shapes of the torsional 

vibration damper. The torsional vibration damper is mounted on the end of the crankshaft in 

the opposite direction of the flywheel to dampen the torsional vibrations, especially high-torque 

diesel engines. The torsional vibration damper used in the study consists of thirteen elements 

include rubber, silicone and other materials. Therefore, in this study, the Holzer, matrix, finite 

element methods and modal test are realized to determine the torsional natural frequencies and 

mode shapes of the proposed torsional vibration damper, then all obtained reaults are compared. 

The torsional vibration damper, consisting of thirteen elements, is reduced to five masses using 

the lumped-mass method, and an equivalent lumped mass model is created. This five-mass 

model is obtained by connecting three masses in series, two masses in series and two masses in 

series, and three parallel branches. The equations of the motion of the system are achieved using 

the equivalent model. The obtained equations of motion are used in the determination of 

torsional natural frequencies using the matrix method. Since the Holzer method is not suitable 

for the multi-parallel branched lumped-mass model, a modified approach is developed to 

calculate the system's natural frequencies. For the finite element method, a numerical model of 

the torsional vibration damper is formed using a one-to-one CAD model. Modal analysis with 

computer-aided finite element method is carried out with Ansys Workbench software. Finally, 

the values obtained by performing the modal test are accepted as reference and compared with 

the values of other numerical methods. Accordingly, the finite element method converged 97%, 

the matrix method 92% and the Holzer method 90%. Considering the linearization of materials 

exhibiting nonlinear behavior in the study, the developed modified Holzer method provided a 

satisfactory convergence. 

Keywords: Torsional vibration, Torsional natural frequency, Holzer Method, Modal Analysis, 

Matrix Method, Finite element Method, Ansys Workbench 
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1. INTRODUCTION 
The aim of this study is to analyze the torsional vibration damper on the cranktrain system 
operating under dynamic loads. The torsional vibration damper is a part that dampens torsional 
vibrations and prevents crankshaft fracture and increases fatigue-life. The torsional vibration 
damper is designed according to the determined vibration characteristics of the cranktrain 
system. Therefore, the natural frequency and mode shapes of the torsional vibration damper 
must be determined precisely. Torsional natural frequency values calculated using three 
different numerical methods and modal tests were compared. 
Previous research show that traditional analytical methods, numerical methods, computer aided 
engineering methods and test methods have been successfully implemented to optimize the 
torsional vibration damping. For example, a in a study introduced the torsional vibration damper 
using an innovative method by combining two different parametric optimization methods; 
energy and modal inertia methods. It has been shown that multi-degree of freedom TVDs 
provide advantage in parameter optimization, but lose this advantage in low degree of freedom 
TVDs (Tan et al., 2017). In another related research, presented the torsional vibrations of a 
crankshaft using two lumped mass mathematical model approaches considering a single mass 
viscous torsional vibration damper and a double mass rubber TVD. According to the excitation 
torque map, implications were made about what kind of TVD design should be chosen (Mendes 
et al., 2008). Torsional vibration dampers can be manufactured from containing rubber-
dampers, viscous dampers, or both. Since the mechanical behaviors of rubber and silicone 
materials do not show a linear elastic, methods specific to the material models should be used 
in the calculation of stiffness and damping coefficients. The design criteria were determined in 
order to minimize torsional vibrations of the rubber bearing rotor system driven at different 
frequencies and, stiffness and damping coefficients were obtained for a realistic lumped mass 
model (Zhu et al., 2020). When modeling TVD at flexible dynamics methods, the stiffness (k) 
and damping (c) coefficients of the materials used must be obtained. Viscous and rubber 
materials, which are elements of TVD, do not exhibit a linear behavior. In a study simplified 
the geometry using lumped mass model to examine the torsional vibrations of a six-cylinder 
diesel engine in the crank system and, they obtained critical vibration cycles by Fourier analysis, 
taking into account firing orders. Generally valid information has been obtained about how 
much damping effect of TVD in which situations (Mitianiec & Buczek, 2008). Another 
researcher preferred rubber material as a damping element in TVD models. They compared the 
torsional vibrations in the crankshaft as 3 models, without TVD, A-type rubber TVD, B-type 
rubber TVD. Although they did not mention the performance of the B-type rubber damper, they 
reduced torsional vibrations by approximately 35% (K. Wakabayashi, Y. Honda, T. Kodama, 
1995). A rubber material design has been considered to absorb the high amplitudes that occur 
in the torsional axis during resonance considering the different harmonic orders. According to 
the results, the torsional vibrations are reduced by approximately 50% with TVD (Ramdasi & 
Marathe, 2004). In a study, considered the harmonic vibrations, a rubber-type TVD is optimized 
through AVL software, and the effect of optimization on the stress state caused by torsional 
vibrations is observed. For comparison, no damper, untuned, tuned unitary and tuned optimum 
cases are considered and the stress is reduced by approximately 25% (Villalva et al., 2013).  In 
another study mathematically less complex differential equations of the movement of an elastic 
crankshaft and their solutions with acceptable accuracy according to the actual system have 
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been developed. The instantaneous angular velocity of the free end of the crankshaft consists 
of solid body motion mode and elastic deformation mode. In general, the crankshaft and other 
parts of the engine can be modeled as discrete systems. This leads to an infinite number of 
degrees of freedom and requires the resolution of partial differential equations. Another 
approach is to separate the continuous system into a series of finitized solid objects that connect 
with springs and dampers. The partial mass model of the crankshaft and the corresponding 
motion equations for each mass quite accurately simulate the actual dynamics of the crankshaft 
(Milašinović et al., 2016). 
In this study, they examined the static and dynamic strength of the crankshaft, which is one of 
the most important components for the effective and precise operation of the internal 
combustion engine. In this study, a static structural and dynamic analysis has been made on a 
single cylinder four-stroke diesel engine crankshaft. A suitable model of the crankshaft was 
created according to the dimensional detail drawings of the existing crankshaft, using advanced 
computer-aided design software, Pro / Engineer software. Finite element analysis was 
performed using ANSYS software under static and dynamic conditions to obtain the variation 
of the stresses of the crankshaft at different critical points. Boundary conditions are applied to 
the finite element model in accordance with the motor specification scheme and the mounting 
conditions of the motor. The optimization of the crankshaft has been studied on the existing 
crankshaft in the area of geometry and shape; However, the optimized crankshaft design, 
working mainly on geometry and shape optimization, has been replaced by the existing 
crankshaft without changes in the engine block and cylinder head. The optimized crankshaft 
helped to improve the performance of the engine and caused a reduction in weight. This 
optimization study of the crankshaft helped reduce 4.37% of the weight on the original 
crankshaft (Shahane & Pawar, 2017). In another effort, they performed a breakage, strain and 
modal analysis of the diesel engine crankshaft. The damaged area was examined by electron 
microscope and microfractures were detected. The values obtained as a result of the stress tests 
showed that the material used was within the range defined by the standard. Finite elements 
method was used to explain the cause of damage to the early fractured crankshaft. When the 
results of the stress analysis were examined, the maximum stress occurred in a different place 
from the area where the crack inset occurred. This result showed that there was no static 
breakage. In the results of modal analysis, it was determined that in the second free vibration 
mode, the high stress area was located in the crack area. Based on the results of the 
examinations, it was concluded that the main cause of early fracture was the resonance vibration 
of the crankshaft (Witek et al., 2017). 
 
2. THE DYNAMIC MODELING OF THE TORIONAL VIBRATION DAMPER 

Generally, vibration problems are considered as a single degree of freedom system. But more 
complex systems can have many degrees of freedom. If the degree of freedom of the system is 
not more than three, the standard technique used in solving these systems is to obtain equations 
of motion with Newton's laws of motion. Then the differential equation of motion is solved by 
assuming a suitable solution. But as the mass number of the system increases, the solution of 
differential equations becomes almost impossible (Vatandaş, 2017). Considering a system with 
n degrees of freedom, there are n free vibration equations, which are the 2nd order differential 
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equations, in this system. The frequency equation is obtained as a result of solving these 
equations and the frequency equation has n roots (Özgür & Pasin, 1996).   

 

Figure 1 The discrete system model of a double mass rubber and viscous torsional 
vibration damper 

The discrete system model of a double mass rubber and viscous torsional vibration damper 
(DMRV-TVD) subject to the study is given in Figure 1. DMRV-TVD, which consists of five 
masses, is obtained by three parallel branches connected in series with each other. Five linear 
equations belonging to these five masses are obtained. In addition, the parameters of the system, 
moments of inertia, stiffness coefficients and damping coefficients are also calculated (Sezgen 
& Tınkır, 2021). 

 
2.1. Holzer, Computer Aided Finite Element, Matrix Method: Undamped Free 

Vibrations of the Torsional Vibration Damper 
 

For torsional vibration analysis, dunkerley formula, Rayleigh method, Holzer method, Matrix 
method and Jacobi method were used numerically. As a standard value-value problem, in 
addition to choleski parsing, many different methods have been used to find a numerical 
solution to the self-worth problem (Jennings, 1984; Wilkinson, 1965). Bathe and Wilson have 
compared some of these methods (Bathe & Wilson, 1973).  In recent studies, studies have been 
carried out on methods that can solve complex self-worth problems more simply (Cohen & 
McCallion, 1967; Fricker, 1983).   Studies on obtaining natural frequency values using Sturm 
arrays (Gupta, 1972). Using topological methods, the discrete system model was presented in 
an alternative way to solve vibration problems (Chen & Chen, 1969).  Computer aided methods 
and experimental methods are presented in literature research.  Double mass rubber and viscous 
torsional vibration damper, an innovative torsional vibration pulley, have focused on methods 
that will achieve optimum time, ease of use and accurate result parameters of natural frequency 
and mode. 
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Figure 2 Holzer tables for DMRV-TVD 

 
There is no need to derive frequency equations in the Holzer table method (Figure 2). Therefore, 
it consists of filling in the parameter values in the table for a selected "angular natural 
frequency" w and observing the final state. When an object vibrates with natural frequency, it 
can maintain its motion without the need to apply an external torque (Md) of resonance 
amplitude. This angular is the main feature that emphasizes the physical meaning of the natural 
frequency. These amplitudes are arbitrarily shaped according to the size of the first sudden 
torque pulse we apply in a manner that will drag the torsional system under consideration to 
free vibration at the natural frequency of that system. For this reason, if the amplitude of one of 
the masses on the system is assumed to be assigned a certain value as 1, the angular-
displacements of the other masses can be easily determined depending on this value. By making 
use of this property of the amplitudes, it arises that the sum of all internal inertia forces in the 
system must be zero (Karabay, 2017). 
 

 
 

Figure 3 Matrix method and parameters of DMRV-TVD 
 
The matrix iteration method assumes that the natural frequencies are distinct and well separated 
such that 𝜔𝜔1 <  𝜔𝜔2 < … < 𝜔𝜔𝑛𝑛 < 𝜔𝜔𝑛𝑛. The iteration is started by selecting a trial vector �⃗�𝑋1, which 
is then premultiplied by the dynamical matrix [D]. The resulting column vector is then 
normalized, usually by making one of its components equal to unity. The normalized column 
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vector is premultiplied by [D] to obtain a third column vector, which is normalized in the same 
way as before and becomes still another trial column vector. The process is repeated until the 
successive normalized column vectors converge to a common vector: the fundamental 
eigenvector. The normalizing factor gives the largest value of λ = 1/𝜔𝜔2 that is, the smallest or 
the fundamental natural frequency (Mahalingam, 1980). The convergence of the process is 
explained in Figure 3. 
 

 
Figure 4 Mesh model of the DMRV-TVD system 

 
Modal analysis, also called frequency analysis, finds natural frequencies and vibration shapes 
associated with these frequencies. Vibration modes describe a mass that oscillates without 
damping and forcing forces. While a real-life structure may have an infinite number of degrees 
of freedom, it still has discrete vibration modes. With its frequency value and associated mode 
shape, each mode corresponds to the situation where the force due to stiffness is equal to and 
opposite to the force from inertia (M.Kurowski, 2017).  
[𝐾𝐾]. [𝑥𝑥] = [𝐹𝐹]  (1) 
[𝑀𝑀]�̈�𝑥 + [𝐶𝐶]�̇�𝑥 + [𝐾𝐾]𝑥𝑥 = [𝐹𝐹(𝑡𝑡)]  (2) 
where 
[M]—mass matrix 
[C]—damping matrix 
[K]—stiffness matrix 
[F]—vector of nodal loads 
[x]—vector of nodal displacements 
Modal analysis deals with free and undamped vibrations where [F(t)] = 0 (no excitation force) 
and [C] = 0 (no damping). Therefore, Eq. (2) can be simplified to: 
[𝑀𝑀]�̈�𝑥 + [𝐾𝐾]𝑥𝑥 = 0  (3) 
Finding nonzero solutions of Eq. (3) presents an eigenvalue problem; it provides modal 
frequencies and associated mode shapes of vibration: 
[𝐾𝐾]{𝜙𝜙}𝑗𝑗 = 𝜔𝜔𝑖𝑖

2[𝑀𝑀]{𝜙𝜙}𝑗𝑗  (4) 
Equation Eq. (4) has n solutions, where 𝜔𝜔𝑖𝑖

2 is called the eigenvalue, and the corresponding 
vector {φ}i is called the eigenvector. The relation between eigenvalue and frequency expressed 
in Hertz is 
𝑓𝑓𝑖𝑖 = 𝜔𝜔𝑖𝑖

2𝜋𝜋  (5) 
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In this study, Ansys software is used to execute the finite element method. Separate material 
assignment of the parts is made based on a realistic Cad model. Later, connection and boundary 
conditions are defined to simulate the reality. Another critical issue is determining 
parametrically a mesh model belonging to the cranktrain system, as shown in Figure 4, to obtain 
the most accurate result. 
In this study, Ansys software is used to execute the finite element method. Separate material 
assignment of the parts is made based on a realistic Cad model. Later, connection and boundary 
conditions are defined to simulate the reality. Another critical issue is determining 
parametrically a mesh model belonging to the cranktrain system, as shown in Figure 4, to obtain 
the most accurate result. 
 

2.2. Modal Test for Torsional Vibration Damper 
 

Since any dynamic response of a structure can be obtained as a combination of its modes, a 
knowledge of the mode shapes, modal frequencies, and modal damping ratios constitutes a 
complete dynamic description of the structure. Experimental modal analysis, also known as 
modal analysis or modal testing, deals with the determination of natural frequencies, damping 
ratios, and mode shapes through vibration testing (Brinkman & Macioce, 1985; deSilva & 
Palusamy, 1984; Dovel, 1989). Two basic ideas are involved:  
1. When a structure, machine, or any system is excited, its response exhibits a sharp peak 
at resonance when the forcing frequency is equal to its natural frequency when damping is not 
large. 
2. The phase of the response changes by 180° as the forcing frequency crosses the natural 
frequency of the structure or machine, and the phase will be 90° at resonance. 
The modal test is used to compare the performance of numerical methods and the results of the 
modal test were accepted as reference. 
The modal test for DMRV-TVD shown in Figure 5 is used to compare the performance of 
numerical methods, and the results of the modal test have been accepted as reference. 

 
Figure 5 Modal test interface with the DewesoftX software, the accelerometer and modal 

hammer 
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While in the actual situation the crankshaft is fixed to the hub, for the DMRV-TVD modal test, 
a shaft is fixed to the hub. The accelerometer is connected to the pulley part, which is the outer 
part of the DMRV-TVD. On the same part, a part is attached to the opposite side of the 
accelerometer to hit it with a modal hammer. The responses of the pulley excited by the modal 
hammer on the rotary axis are collected from the accelerometer. By connecting the 
accelerometer and modal hammer to the Dewesoft device, the productive sensitivity values of 
the accelerometer are entered. After opening the modal test interface with the DewesoftX 
software, the accelerometer and modal hammer force data are checked. During the test, it is 
important to operate with a single touch and avoid a double hit from the hammer. After the 
force from the hammer and the acceleration data from the accelerometer are recorded, the modal 
frequencies are checked from the FFT Graph. 
 
3. RESULTS AND DISCUSSION 

Frequency scanning is performed from one to the end of the working range in the Holzer tables. 
Values, where total torque is equal to zero, are considered natural frequency. Accordingly, the 
frequency - total torque graph is drawn, and the natural frequency values are determined. In 
Figure 6-a and 6-b, the first and second torsional natural frequency values are seen as 23hz. and 
307hz. respectively.  

 

Figure 6 a) First b) Second torsional natural freqency by Holzer method 

Finite element modal analysis values expected to be at relative values with the Holzer method. 
Since the torsional vibration damper has parts that are not visible from the outside, a section 
has been taken as shown in Figure 7 to understand the mode shapes better. In Figure 7-a, the 
first torsional natural frequency is found on TVD and about 22,64hz. In Figure 7-b, the second 
torsional natural frequency value is calculated as 316,28hz.  

 

Figure 7 a) First b) Second torsional natural freqency by finite element method 
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In Figure 8, the first two natural frequency values of 4 different methods are given on the FFT 
graph. The FFT graph was obtained from the modal test results and transferred to the computer 
with the DewesoftX software. 

 

Figure 8 The first two natural frequencies of the 4 methods on the FFT graph 

In this table, Holzer, matrix, finite element method and modal test natural frequency results are 
given comparatively. According to these results, the first natural frequency values calculated 
by Holzer and matrix methods are relatively far from the reference value. When these methods 
are considered as simple methods with very few degrees of freedom, they turn out to have very 
satisfactory results.  

Table 1. Method comparison chart 

Method 
1st  torsional 

natural frequency Converge 
2nd torsional 

natural frequency Converge 

Holzer Method 23 88% 307 95% 

Matrix Method 25,09 78% 321,4 99% 

Finite Element 
Method 22,6 91% 316 97,5% 

Modal Test 20,5 referance 324 referance 
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4. CONCLUSIONS 

According to these results, the first natural frequency values calculated by Holzer and matrix 
methods are relatively far from the reference value. When these methods are considered as 
simple methods with very few degrees of freedom, they turn out to have very satisfactory 
results.   
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